Riemann manifold.
The author wishes to express to Professor Shiing Shen Chern her sincere thanks for his valuable advice and suggestions, and also to Professor Shoshichi Kobayashi for his kind help. 1 . A certain generalization of Chern's theorem. We consider a Riemann manifold R m+1 (m +1 = 3) of class Cv (v ä 3) which admits a one-parameter group G of transformations generated by an infinitesimal transformation :
(1.1) xf = xi + íi(x)8r
(where x' are local coordinates in Rm+1 and ¿* are the components of a contravariant vector f. If £ is a Killing vector, a homothetic Killing vector, a conformai Killing vector, etc. [3, p. 32] , then the group G is called isometric, homothetic, conformai, etc.
In Rm+1, we consider a domain D. If the domain D is simply covered by the paths of the transformations generated by f, and $ is everywhere of class Cv and 7^0 in D, then we call D a regular domain with respect to the vector field f.
In a regular domain D, we choose a coordinate system such that the paths of the transformations generated by i are new x^coordinate curves, that is, a coordinate system in which the vector £ has the components 8\ (where 8) denotes the Kronecker delta). Then (1.1) becomes xi=xi + 8i18r and the domain D admits the transformation given by From this, we can easily deduce the following result:
(U1) ¿Ffâ*-"pOE>H [December since p = (gu)112 and p' = (g'u)112. Therefore from (1.9) and (1.11), (1.6) becomes
Then the second term of the right-hand member of (1.5) may be written as follows:
where L"g(i is the Lie derivative of the tensor gy with respect to v\ g*'> means (dxi/du")(8x'/due)gae, and gaß is the metric tensor of M.
Accordingly from (1.12) and (1.14), we can rewrite (1.5) as follows:
Integrating both members of (1.15) over M and applying Stokes' theorem we havê fi (in,{p'lpr-íbílp,dx,...,dx)) ml JsM (1.16) =Lexp(íí^dxlhdv'í+lLL^gWdv-On the other hand, from (1.3) and (1.11) we can see that Therefore we have the following relation :
Since it follows that
Thus we obtain gtj(x) = exp ^2 j a </> dx^gilx'), *«(*) = exp (-2 ^¿^«OO.
n' = exp I -<f> rfxMñ'.
Substituting the above result in (1.17), we get (^f ((«, (pi/pY -^jp, dx,..., dx)) = (-^1}
Let eA, A = 1,..., m -1, be an oriented basis for the tangent plane of dM' at a point x'(p) on the image dM' of dM, and let n" be the unit vector of the tangent plane of M ' at the same point x'(p) which is orthogonal to eA, A = 1,..., m-1, n' and such that ((n",n', ex, ...,em.x)) > 0.
If dx' is a displacement along dM', then (-If Therefore we have |a| á 1. Since 8,/p is the unit normal vector «', it follows that (1.19) ^Çy ((ñ, 8J p', dx',..., dx')) = 1=-^, a((n", ri, dx',..., dx')).
By making use of a notation dL'( for the volume element of 8M', from (1.18) and 2. Some examples of the main theorem. In this section, we shall give some examples which satisfy the hypotheses (I) and (II) in the main theorem.
The hypothesis (I) means that either f is a Killing vector or p S: p everywhere on M.
As an example in the case satisfying the hypothesis (II), we have the following Theorem 2.1. Let Rm + 1 admit a conformai Killing vector field (i.e., èij + îj-.i -2</>i¡) and if the paths of the transformations generated by $ are geodesies (i.e., the new x1-coordinate curves are geodesies), and <f>^0 everywhere on M, then it follows that Lvgtig™ = 0 everywhere on M.
Proof. Let us choose a coordinate system such that the family of hypersurfaces perpendicular to the new x1-coordinate curves are new x2x3 • hypersurfaces. Then gxi = 0 fory=2,..., m+ 1. Since the x^coordinate curve is a geodesic, substituting -2-¿l? + rÍl = 0' P»=0' 7 = 2,....m+1.
Substituting 8gik/8x1 = 2(/>gik in F'n (j=2,..., m+1), we obtain rii = -^f^ j = 2,...,m+i.
And also from gn = 0, j=2,..., m+ 1, the conditions r;u = 0, j=2,..., m+ 1, become 2Vfe = °> 7 = 2,...,m+l.
Since the determinant of g'k (j, k = 2,..., m+1) is not equal to zero, the conditions rii = 0 0'=2,..., m+1) are rewritten as follows: f£ = 0, k = 2,...,m+l.
And the condition 2 gn dx1 follows clearly from gxj=0, j=2,..., w+1. Therefore in this case, a necessary and sufficient condition that the x^coordinate curve be a geodesic is that dguldxk = 0, k = 2,..., m+l. Finally we consider a Killing vector field £ on Em +1 which generates translations so that the paths of the transformations generated by | are parallel lines in the direction of £ and a hypersurface perpendicular to these paths is a hyperplane perpendicular to f. In this case, Corollary 2.1 is nothing but Theorem 0.1. Thus Chern's theorem is included as a special case in Corollary 2.1.
